ON THE DIFFERENTIATION OF
INEXPLICABLE FUNCTIONS *

Leonhard Euler

§367 Here, I call those functions inexplicable which cannot be explained
either by determined expressions nor by means of the roots of equations such
that they are not only not algebraic but it is also uncertain to which kind of
transcendentals they belong. An inexplicable function of this kind is

1ty gt
2 3 x’
which certainly depends on x, but, if x is not an integer, cannot be explained

in any way. In similar manner, this expression

1.2-3-4---x

will be an inexplicable function of x, since, if x is any number, its value will
not only be not algebraic, but even cannot be expressed by means of a certain
kind of transcendental quantities. In general, the notion of such inexplicable
functions can be derived from series. For, let any series be propounded

1 2 3 4 - x
A+B+C+D + - +X,
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whose sum, if it cannot be expressed by means of a finite formula, will yield
an inexplicable function of x, namely,

S=A+B+C+D+-- +X.

Similarly, continued products of terms of series as

P=A-B-C-D---X

will exhibit inexplicable functions of x which by means of logarithms can be
reduced to the first form; for, it will be

InP=mnA+InB+InC+InD+---+1InX.

§368 Therefore, I decided to a explain a method in this chapter to investigate
the differentials of inexplicable functions of this kind. This subject, although it
seems to belong to the first part of the work, where the rules of differential
calculus where treated, nevertheless, since it requires a wider cognition of
the doctrine of series, to which one was able to get in this second part, let us
forced to leave the natural order treat it here. But because this investigation
is completely new and has not been treated by anybody until now, it is only
required that, in order to execute this part of differential calculus, we rather try
to sketch its first elements here. Furthermore, I will propose several questions,
whose answer requires the differentiation of inexplicable functions of this
kind, by means of which at the same time the use of this treatment, which
without any doubt will be a lot greater in the future, is seen more clearly.

§369 To differentiate inexplicable functions of this kind it is especially ne-
cessary that we investigate their values which they take, if for x one puts
x + w. Therefore, let

1 2 3 4 .- «x
S=A+B+C+D + - +X

and put X for the value of S which it receives, if for x one puts x 4+ w, and let
Z be the term of the series corresponding to the index x + w. Now, indicate
the terms which correspond to the indices x + 1, x +2, x 4+ 3 etc. by X/,
X", X" etc. and the one which corresponds to the infinite index x + co by



Xl And in similar manner indicate the terms corresponding to the indices
x+w+l,x+w+2,x+w+3etc. by Z', 2", Z"" etc. and let Zl®l be the term
corresponding to the index x 4 w + co. Having put these things it will be

S =5+X
§" =S4+ X +X"
S =S4+ X + X"+ X"
etc.
S|oo\ :S—f—X/—i—XN—i—X”/—f—--'—i—X'OO‘

Since in similar manner also . is successively augmented by the terms Z’, Z"
etc., it will be

¥y =x+4+7
Y =y 47 +7"
o=z 7 7"
etc.
Z\oo| :Z—I—Z/—i—Z”—i—ZW—i—---—i—Zloo‘

§370 Now, the nature of the series S, S/, S”, §"” etc. is to be considered, which
it will have, if continued to infinity; if it is confounded with an arithmetic
progression at infinity what happens, if the terms of the series X, X', X", X"’
etc. converge to the equality in infinity such that the differences of the series S,
S’, §" etc. finally become equal, in this case the quantities Glool - gleot1] - gleo+2]
etc., will be in an arithmetic progression, and because it is ylol = S‘°°+“’|,
because of

S‘oo+w| _ S|oo\ + w(s\oo+l\ . S|oo\) — ws|oo+1| + (1 _ (U)S‘oo‘
it will be

ylel = sleHl 4 (1 — w)sll.



But it is Sl®°t1 = glol 4 Xleot+l whence it is

sileol — gleol | pxleot1]

from which one will obtain this equation

Z—l—ZI—FZ”—FZ”I—l—---—FZ‘w'
:S—FX/—FXH—}—XH/—{—"'—}—X'OO‘+(UX|OO+1|,

from which the value in question ¥ which the functions S takes, if in it x + w
is substituted for x, and it will be

Y =S+ wX® £ X' 4 X"+ X" +etc. to infinity
— 7' —=7"—Z7" —etc. to infinity

Hence, if the infinitesimal terms of the series A, B, C, D etc. vanish, the term
wX!**+1l vanishes and can be omitted.

§371 Therefore, the value of X is expressed by means of new infinite series
which can be exhibited, if one has the general term of the series A + B + C + etc.
from which the values of the terms Z’, Z”, Z""" etc. can be defined. Therefore,
having put w infinitely small, since X — S is the differential of the function S,
this differential dS will be expressed by means of an infinite series. And if not
even the higher powers of w are not neglected, one will have the complete
differential of this inexplicable function S; that its nature is shown quite
plainly, we will illustrate this task in the following examples.

EXAMPLE 1

To find the differential of this inexplicable function

1
3

Since the general term X of this series is = 1 and therefore

1 1 1
=14 T
S=l+s+z+ 4+



X = x+1
1
X = x+2
1
X = x+3
etc.
because of
xleot1l —

x+oo+1 -

x+14+w

2

- X+24w

"

x+3+w

etc.,

1

7

if instead of x one puts x + w, the function S will go over into X that it is

1
> =S+

+ etc.

x+1

1

x+2

x+3
1

_x+1—|—w_x—|—2—|—w_x—|—3—|—w_

etc.,

or by collecting each to terms into single ones it will be

w

w w

=5+ + + + etc.,
x+1)(x+14+w) (x+2)(x+2w) (x+3)(x+3+w)
or because it is
1 1 N w* W +ete
x+14+w  x+1 (x+1)2 (x+1)3 (x+1)4 '
! - + w? - w + etc
x+2+w  x+2 (x+2)2 7 (x+2)3  (x+2)4 '

etc,,

having ordered the series according to powers of w it will be



1 1 1 1
12 xr22 T (xt3n
1 1 1 1
+1P  (xr2P8 (X437 (x+ap

( )
( )
3< 1 1 1 1 )
( )

Gr1t T T a1
1 1 1 1
Gr1p (2P  (x+35 @ (x+4p
etc.

Having taken dx for w we will obtain the complete differential of the pro-
pounded function S

1 1 1 1
CES AR CE AR CE O AR O

dSzdx(

— dx?

(x+1)*  (x+2)*  (x+3)*  (x+4)*

1 1 1 1 )
G+1° T r2? T arap T rap +etc‘>
)

)

3< 1 1 1 1
+ dx + + + + etc.

—dx41—|—1+1+1+etc
1P (x+25 " (x+3P | (x+4P
etc.

EXAMPLE 2

To find the differential of this inexplicable function of x

S=1+ ! + ! + ! +-+ !
3 5 7 2x— 1’
Since the general term of this series is X = 51, it will be



X =
2x +1
1
X/I —
2x +3
1
Xl// —
2x +5

etc.

1

2x+1+w
1

- 2x+ 34w
1

2x+54+w

/

2

" __

etc.,

Because of the vanishing and equal infinitesimal terms of this series the value
of S, if instead of x it is put instead of x + w, will arise as

1

1 1

E=St 2x+3 g5 et
1 1 1
T ox+l1420 x43+2w 2xt5+2w O
or
X=S§5+ 2w + 2w + etc.
2x+1)2x+1+2w) (2x+3)(2x+3+2w)

But if the single terms are expanded into a power series in w, it will be

=54+ 2w L + L + L + etc.
(2x+1)2  (2x+3)%>  (2x+5)?
1 1
— A? t
@w <(2x+1)3+(2x+3)3+(2x+5 +ec>
1 1
3
t
8w ((2x+1)4+(2x—|—3)4+(2x+5 +ec>
1 1
—16w? t
v <(2x+1)4+(2x+3)4+(2x+5 +ec>
etc.

Now put dx for w and the complete differential of the propounded inexplicable

function S will arise



ds:zm:<@xinz+(mjaﬂ%_@xi®2+ac>
— 4dx? <(2x _1|_ 1)3 + (2x _1|_ 3)3 + (2x —1|— 5) " etc.>
+8@3<Qxiny+exi@y+@xi®4+aé>
— 16dx* ( o l T (2 le 3)E T (2x i 51 et >
etc.
EXAMPLE 3

To find the complete differential of this inexplicable function of x

1
on

11 1
S=1+ gt gt gt

4n o

Since the general term of this series is = xl—n, the infinitesimal terms will be
vanishing and equal to each other. And hence because of

AU N PR

(x+1)"  (x+1+w)n

" == 71 Z” —= ;

(x4 2)" (x+24w)"

mo Y g L

(x +3)" (x+34+w)"

etc. etc.,
it will be
X _g o W nn+1)w?> nn+1)(n+2)w? ~ete
C(x+ 1) 2(x 4 1)mH2 6(x +1)n+3 '
X g nw  n(n+ DNw? nn+1)(n+2)wd ete
C (x+2)ntl 2(x 4 2)mH2 6(x +2)m+3 '
etc.,



from which one finds

1 1
tc.
(x + 1)n+1 T (x +2)n 1 T (x +3)nH +e C>
nn+1) , 1 1
- tc.
1.2 ¢ <(x_|_1>n+2+(x+2)n+2+(x+3)n+2+ec>
nn+1)(n+2) ;4 1 1 1
tc.
1.2.3 ¥ (x+1>n+3+(x+2)n+3+(x+3)n+3+ec

Z—S:nw(

etc.

Hence, having put w = dx the complete differential in question of the function
S will arise

S — nd 1 1 1

S G Tt Ty O
nn+1) , , 1 1 1

- tc.

12 > ((x+1>n+2 T a2 T ke +ec>
nn+1)(n+2), 5 1 1 1

tc.

123 P\ G@xme T aroe T araye T

etc.

§372 From these also the sums of these series can be interpolated or the
values of the summatory terms can be exhibited, if the number of terms is
not an integer number. For, if one puts x = 0, it will also be S = 0 and X will
express the sum of as many terms as the number w contains unities, even
though this number w is not an integer. So, if in the first example one puts

1 1 1
Y=14+-4+4+---+ =,
tstg ot
it will be
s — w i w n w n w 1+ ete
C1(1+w) 22+4w) 30B+w) 4(4+w) '
or



z—w1+1+1+i+l~mm
B 49 16 25 ‘

2 1,1, 1 1
— W +?+§+ 473—’_ ﬁ%—etc.
1

31, 1 1,1
— (1t g+ + g+ 5 tete

54
etc.
In the third example on the other hand it will be
1
3n

The value of X, whether w is an integer number or a fractional number, will
be expressed by means of the following series

1

1 1
S=ltot gttt o

1 1 1
X =nw 1—|—2n+1—|—3n+1—|—4n+1—|—etc.

nn+1) , 1 1 1
1. ¢ (1 Ty Ty T T etc.>

nn+1)(n+2) 4 1 1 1
1-2-3 w 1+2n+3+3n+3+4n+3+etc'

etc.

§373 These same things can also be applied to a general series; for, because
it is

1 2 3 4 .uu... x
S=A+B+C+D+ - +X

and having put x 4+ w instead of x X goes over into Z and S into %, it will be

7 X+ wdX N w?ddX N w3d®X
N dx  1-2dx?  1-2-3dx8
and since in similar manner Z’, Z”, Z""" etc. are expressed by means of X', X”,

X" etc., it will be

+ etc.,

10



Y =8+ wX/oHl - %d.(x/ F X7+ X" 4 X"+ etc)

w2

C1-2dx2

(,03
©1-2-3dx3
etc.,

dd.(X' + X" + X" + X" + etc.)

ds.(X/—{-X//—{-X”/—}—X/W—Fetc.)

and if X1l is not = 0, it can be expressed in this way that the consideration
of the infinity is avoided

X|oo+1| =X + (X// _ X/) + (X/// _ X”) + (X//// - X///) + etc.

and therefore it will be

Z — S +CUX/ “I_CU((X// _ X/) _|_ (X/// _ X//) + (X//// _ X///) “l—etc.)

—;‘)—xd.(x/—{-X”—FXW—}—X”//—FG’[C.)

w2

 2dx2

3
——6‘;(3 B(X + X"+ X"+ X" +etc.)

etc.

dd.(X'+ X" + X" + X" + etc.)

If one puts w = dx, the following differential of

S=A+B+C+ - +X

will arise expressed this way

dS = X'dx + dx((X" — X') + (X" — X") + (X" — X"} + etc.)
_d<XI + X// + X//l _|_ X///l + etC)

1
—Edd.(X’ + X"+ X"+ X" + etc.)

1
—gd?).(X/—i-X”—i—XW—I—XW/—I—etC.)

etc.

11



§374 Let us put that it is x = 0; it will be

X' =A, X'"=B etc

and hence X' + X" + X" + etc. will be an infinite series whose general term
is = X. Further, form the series from these general terms

dX ddX = #X d*X
dx’  2dx?"  6dx3" 24dx*
the sum of which sums continued to infinity shall be

etc.

ax ddX X
SX—Q[, Sa—%, SW—Q, Sm—@ etc.;

and since having put x = 0 also S = 0, and X will be the sum of the series
A+B+C+D+- - +Z
containing w terms; for, Z is the term of the index w, whether w is an integer
number or a fraction. Hence, one will have
Y=wA+w((B—A)+(C—B)+(D—-C)+etc.)
—wB — W — WD — e — etc.,

where the first series can be omitted, if the terms of the propounded series
finally vanish.

§375 Now, let us write x instead of w and X will go over into S such that it is

1 2 3 4 .ceu... x
S=A+B+C+D + --- +X

and the same value of S will be expressed by means of an infinite series this
way
S=Ax+x((B—A)+(C—B)+ (D—-C) +etc.)
—Bx — x> —Dx® — ¢x* — $x5 — etc,;

since its value is expressed as distinct, whether x is an integer number or a
fraction, one is able to express the value of S of any order from this easily:

12



CLS:A+(B_A)+(C—B)+(D—C)+etc.

dx
— B —2¢x —3Dx* —4¢x® —etc.
2%52 — ¢ —3Dx—6¢x2 —105x3 — etc.
a3s 2 3
s = D —4€Ex — 10§x~ — 206x° — etc.
d*s 2 3
g ¢ —58x —156x° —35Hx° — etc.

Hence, since the complete differential is

_ 1 s L
—dS+§ddS+6d S+ﬁd S +etc,,

the complete differential of the propounded function S will be

dS = Adx + (B— A)dx + (C — B)dx + (D — C)dx + etc.
—Bdx — €(2xdx + dx?) — D (3x%dx + 3xdx* + dx°)
—&(4x3dx + 6x2dx® + 4xdx® + dx*) — etc.

§376 Therefore, this way the complete differential of any inexplicable functi-
on S can be assigned, if the infinitesimal terms of the series

A+ B+ C+ D +etc.

either vanish or become equal to each other. For, if the infinitesimal terms of
this series were not = 0, then the sum of the series B which is formed from
dx

the general term 7:, will become infinite, but together with the series

A+ (B—A)+(C—B)+ (D —C) +etc.

it will constitute a finite sum. But it can happen that the terms of the series
A + B + C + D+etc. are augmented to infinity in such a way that not only the
sum of the series B, but also the sum of the series € becomes infinitely larger,
in which case it does not suffice to have added the series A+ (B— A) + (C —
B)+-etc.; but since in this case the infinitesimal values considered in § 370,
namely S‘°°|, S|°°+1|, S‘°°+2‘, are not any further in an arithmetic progression,

13



as we had assumed, the nature of this progression will have to be taken into
account. As we assumed that the first differences of these progressions are
equal, so we will extend the method further, if we set that just the second or
the third or the higher differences of these values become constant.

§377 Arguing exactly as before in § 369, let us put that just the second
differences of the mentioned values are constant

gleol - gleot1] - gleot2|

First Differences

oco+1 co+2
Xlootll - xleot2]

Second Differences
xloo+2| _ xeleo+1|

Hence, it will be

slool — gleotel — glool | g xleot1l 4 “’(‘fgl)(xowz _ xlotly
_gleol _ W@ =3) yeotr] , WW 1) oo
5 1-2 + 1-2 '

Therefore, one will have this equation

Z—FZI—I—ZN—I—ZW—F-”—I—Z‘OO'
S X A X X" e Xl w(w —3) Xt 4 w(w — 1)X|oo+2|,
1-2 1-2
from which one finds

2 =5+ X+ X"+ X" 4+ X" + etc. to infinity
— 7' —7"-7"—7"" — etc. to infinity

(w—1)

+(UX|OO+1| + w 5 (X|oo+2| _ X|OO+1‘).
1

But, these infinitesimal terms can be represented in such a way that it is

14



=85+ X+ X"+ X" 4+ X" + etc. to infinity
— 7' =7"-27" —7"" — etc. to infinity

+ X// + X/// _|_ X//// + X///// + etC.
+wX +w

_ XI _ X// _ X/// + X/I// _ etC.

whence the law becomes plain, which describes the nature of this expression,
if just the third or fourth or higher differences were constant.

§378 Because it is, as we demonstrated above,

7— X+ wdX L w?ddX L w3d®X 4+ ete
- ldx = 1-2dx2  1-2-3dx3 v
if we instead of Z’, Z", Z'" etc. substitute the values to arise from there, the

value of S, if instead of x one writes x 4 w, will be the following;:

Z S X/ + X/l _|_ X/l/ + X/l/l + X//l/l + etC.
=5S5+wX +w

_ X/ _ X// _ X/// + Xl/// _ etC.

. w(w . 1)X” + X + X" + X! + etc.
. w(w—1
1 2 + g _ le/ _ 2xll/ _ 2xl/// _ etC.
~w(w-1) X' 1-2
1-2 + X' 4+ X"+ X" + etc.
w / " " "
5 d (X'+ X"+ X"+ X" +etc.)
wz dz (X/+X//+X//I+X////+ f )
— dez . etc.
w3 d3 (X/+X//+X/,/+X,//,—|— t )
- W . e C-
etc.

If instead w one puts dx, the complete differential of the propounded inexpli-
cable function S will arise, namely

15



+ X// + X/// + XI//I + X////I + etc.

dS = X'dx + dx
X X" X" X" ete.
" dX(l—dx) + X" + X' + X/ + ete.
~X' TS dx(1—dy)
dx(]. - dx) 1.2 ) T X" — 2X!" _ 2X" _ etc.
+x =7
v + X'+ X'+ X" et
+deﬂ1—¢QQ—d@ X X e
1-2-3
ZX//dx(l — dX) (2 — d_x) . d.X(]_ — dX)(Z _ d.X) _ 3X/// o 3Xu// _ etc.
_ 1-2-3 1-2.3 . .
X X ‘
X/ dx(1 —dx)(2 — dx) + 3X"+ 3 + etc
+ 1-2-3 e e

etc.

_d(X/ + X// + X/// _|_ X///I _|_ X/l/// _|_ etC.)

1
—Edd.(X/—i-X”—i—XW—i—X”//—i—XNW—i—etC.)

1

_gdB.(X,+XH+X”/+X,”/+X”/”+etc.)

1

—ﬂd4.(X,—|—X”—|—XH/—|—X”N—|—X”/”—|—etC.)

etc.

which expression extends very far and, no matter at which point the diffe-
rences just became constant, will exhibit the differential in question. For, this
formulas is accommodated to constant differences and at the same time the
law is plain, if it is necessary to proceed further.

§379 If the series A + B + C + D+ etc., from which the inexplicable function

1 2 3 4 x
S=A+B+C+D + -~ +X

16



is formed, was of such a nature that the infinitesimal terms vanish, then, as
we already noted, it will be

dS = —d.(X'+ X"+ X" + X" + etc.)
1

—Edd.(X’ + X"+ X"+ X" + etc.)

—%dB(X/ —|—X” —|—XW —}—XW/ —|—etC.)

1
—ﬁd4.(X’+X/'+X/"+X”"—|—etc.)

But if the infinitesimal terms of that series were not = 0, but nevertheless have
vanishing differences, then additionally this expression is to be added

+ X// + X/// + X//// + X///// + etc.
dx ¢ X'
_ X/ _ Xl/ _ X//I ‘I’ Xll/l _ etC.

But if just the second differences of the infinitesimal terms of this series
A + B+ C + D + etc. vanish, then one furthermore has to add

_|_ X/// _|_ X//// _|_ X”/”—f—etc.
+ X//

—2X" 22X — 22X — etc.
_ X/

+ X'+ X"+ X" + etc.

dx(dx —1)
1-2

And if just the third differences of the mentioned infinitesimal terms vanish,
then except the already exhibited expressions one additionally has to add

17



_|_ X//// _|_ X///// + Xl///// —|—etC.
+ XI//

_ 3xl/l _ 3xl/// _ 3xlllll _ etC.
—2X"

+ 3X" 4+ 3X" + 3X"" + etc.
+ X

dx(dx —1)(dx — 2)
1-2.3

X// _ X//l _ Xl// — etc.

\
And so forth will be the nature of the expressions additionally to be added,
if just higher differences of the infinitesimal terms of the series A + B + C +
D + etc. vanish. And hence, no matter which series is assumed, as long as its
infinitesimal terms are finally led to vanishing differences, one will be able to
define the differential of the inexplicable function formed from it.

§380 If one puts x =0, it willbe X’ = A, X" = B, X"/ = C etc. Hence, as the
the series A + B + C + D+ etc. is the one whose general term is X, if from the
general terms

dX ddX ED'¢ a*x

dx’  2dx?"  6dx3’ 24dx*
in similar manner infinite series are formed and its sums are denoted by B, €,
D, € etc., respectively, the sum of w terms of the series

etc.

A+ B+ C+ D +etc.

will be expressed in such a way that it does not matter whether w is an integer
or not. Therefore, let us put x for w that it is

1 2 3 4 x
S=A+B+C+D+ - +X

and if the infinitesimal terms of this series vanish, it will be

S=—Bx— x> —Dx> — &x* — etc.

But if at least the infinitesimal terms have constant first differences, then one
additionally has to add this

18



+B +C+ D+ E + etc.
X< A
—A—-—B—-C + D — etc.

But if just the second differences of those infinitesimal terms vanish, then
furthermore one has to add

+ C+ D+ E+ F+etc)

x(x—1) b

12 — 2B —2C — 2D — 2E — etc.

- C
+ A+ B+ C+ D +etc

If just the third differences vanish, then additionally this infinite series has to
be added

( + D+ E+ F+ G+ et
+ C
—3C — 3D — 3E — 3F — etc.
x(x—1)(x—2) B
1-2-3 N
+ 3B + 3C + 3D + 3E + etc.
+ A
— A— B—-— C— D — etc.

etc.

§381 Let us also apply these things to the kind of inexplicable functions that
consists of continuous products of several terms of the propounded series
A+ B+ C+ D etc., and let

1 2 3 4---«x
S=A-B-C-D---X

and at first search for the value X into which S is transformed, if instead of
x one writes x + w. But let us put, as before, that Z is the term of the series

19



A+ B 4 C + D+-etc., whose index is = x + w, as X corresponds to the index
x. To reduce this to the preceding case, let us take logarithms and it will be

InS=mnA+InB+InC+InD+---+1InX.

If now the infinitesimal terms of this series vanish by applying the same
method we used before it will be

InZ=InS+InX +InX"+1InX" + etc.
—InZ —InZ" —InZ"" — etc.

and hence by going back to numbers it will be

X/ X// X/// X////

y—¢g.2 .2 2 .
Z/ Z// Z/I/ Z////
therefore, this expression holds, if the infinitesimal terms of the series A, B,
C, D etc. become equal to the unity. But if the logarithms of the infinitesimal
terms of this series do not vanish, but nevertheless have vanishing differences,

then to that series we found for In X one additionally has to add this series

-etc,;

XI X// X/l/

and so by taking numbers one will have

X// " "
wlnX’+w(ln+1n+ln +etc.)

1- 1- 1-
B S X/w X/WX// w X//le// w X//I/(UX/// w

Z Z/ Zl/ Z///

- etc.

§382 If we put x = 0 in which case S =1and X' = A, X" = B, X"/ = C etc,,
2 will denote the product of w terms of this series A, B, C, D etc. If we write
x for w that ¥ obtains the value we had attributed to S before such that it is

1 2 3 4..-x
S=A-B-C-D--X,

since now Z', Z", Z"" etc. go over into X', X", X" etc., if the logarithms of the
infinitesimal terms of this series A, B, C, D, E etc. vanish, S will be expressed
this way
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A B C D E
= X/ ) X ) X" ) X/ ) X/
But if just the differences of the logarithms of the infinitesimal terms of
the series A, B, C, D etc. vanish, then this function S will be expressed the
following way that it is

S - etc.

BxAlfx CxBlfx Dxclfx Exlex

X xr o oxm XM
If just the second differences of those logarithms vanish, it is easily concluded
from the preceding, factors of which kind are to be added; we omit this case
here, since it usually does not occur. Moreover, I will show the use of these
expressions in the task of interpolation in the following chapter.

S=A".

-etc.;

§383 Since here mainly the differentiation of inexplicable function is pro-
pounded, let us investigate the differential of this function

S=A-B-C-D---X.

Fir this, let us go back to the equation found before

InE=mInS+InX +InX"+InX" + etc.
—InZ' —InZ" —InZ" — etc.,

and since In Z arises from In X, if instead of x one writes x + w, it will be

2 3
InZ=1InX+ %d.lnX+ Y dd X + - In X + etc.;

d 2dx? 6dx3
having substituted these values for InZ’, InZ"’, In Z"" etc. one will have

InX =InS — % d InX' +InX"+InX" +InX"" +etc.)
2
2

— %dd.(ln X'4+InX"+InX" +InX"" +etc.)
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3
- %d?’. (InX'+InX"+In X" +In X" + etc.)

etc.

Now put w = dx and it will be In¥ = In S + d.In S and hence it will be

Cf = —d(InX' +InX"+In X" +In X" + etc.)

1
— Edd.(ln X' +InX"+InX" +In X" + etc.)

1
—gdB’.(lnX/ +InX" +In X" +In X" + etc.)

etc.,

which formula holds, if the logarithms of the infinitesimal terms of the series A,
B, C, D etc. vanish; but if they do not vanish, but nevertheless have vanishing
differences, then to the preceding expression of the complete differential one
additionally has to add this series

X// 1 "
dxIn X' + dx (lnX, —|—an +1In <7 +etc.> ,

that the complete differential is obtained.

§384 The same can also be achieved on in another way. Put x = 0 in which
case In S goes over into 0. Then, form series whose general terms are

dInX dd.InX d4.InX

dx ’ 2dx? 6dx3
and the sums of these infinite series shall be 2, B, €, © etc., respectively. Write
x for w, that & = S and it will be

In X,

etc.,

InS = —Bx — €x* — D% — Ex* —etc,,

if the logarithms of the infinitesimal terms of the series A, B, C, D etc. whose
general term is X vanish; but if just the differences of these logarithms vanish,
it will be

B C D E
lnS—xlnA+x<lnA+lnB+lnC+lnD+etC.>
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—Bx — €x* — Dx® — Dx* — ete.

And hence the differential of In S will be

ds B C D E

5= dxIn A+ dx (lnA —l—lng +lnE +ln5 +etc.)

—Bxdx — 2Cxdx — 3Dx*dx — 4¢x3dx — etc.

But if the complete differential is desired, it will be

ds B C D E

5= dxIn A + dx <1nA +ln§ +lnE +ln5 +etc.>
—Bdx — €(2xdx + dx?) — D (3xxdx + 3xdx? + dx®) — etc.

To show the use of these formulas we add the following examples which we
resolve in both ways.

EXAMPLE 1

To find the differential of this inexplicable function

S=-.2.2.2...
2 4 6 8 2x
Here, it is especially to be noted that the infinitesimal terms of these factors
go over into unities and hence their logarithms vanish. Since it is X = 21, it

will be

r_ 2x+1 X — 2x+3 X" — 2x+5
2x +1’ 2x + 4’ 2x +6

etc.

and in general

2x +2n—1
Xl =227 .
2x +2n

hence, it will be

In X" = 4+1In(2x + 21 —1) — In(2x + 2n)
2dx 2dx

d.In X" = -
n + 2x +2n—1 2x +2n
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4dx? 4dx?
dd.In X" = —
1 2x+2n—12 T Gxt2n)?
2-2-4dx? 2.2 4dx?
. In X" = -
n +(2x—|—2n -1  (2x+2n)3

2:2-4-6dx* 2-2-4-6dx*

4 n
X = I T T an)
etc.;
hence, the complete differential will be
1 1 1
s _ o4 v+l x+3 215 o
5 - ! - L — ! — etc.
2x+2 2x+4 2x+4+6
1 1 1
L) @ty T xr3E T aage T
1 1 1
T 2x+27  (xt4?  (2xyep
1 1 1
_8.5) (@r1p T xx3? T argsp T
1 1 1
(2 +2)3  (2x+4)°  (2x+6)3 et
etc.

But if only the first differential is in question, it will be

as _ . 1 1 1
S <(2x—|—1)(2x+2) T 13214 T x5 2x ) +etc‘>’

which same is investigated by means of the other method given in § 394. Since
it is

2x—1
InX =1In e
it will be
dinX _ 2 1 ddhnX_ 2 1
dx  2x—1 x' 2dx2 (2x—1)2  2xx’
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AInX 8 1
6dx3  3(2x—1)3 3x3

etc.

and hence it will be

1 3 5 7
Ql—lni—l—lni—i—lng—l—lng—ketc.
202,202,002 e
_ 1 3 5 7 9 _
B = _g_g_%_g_g_t =2In2
2 34 6 8 10 ¢
1—I-l—i—l+ + etc
e 4 13 "5 "7
2 1 1 1 1
2T e g g f©
(1, 1 L ]
p_48) 173 "3 "7
3 1 1 1 1
P B e g ¢
1+1+1+ + etc
@__16 1 3¢ " sa T4
4 1 1 1 1
T T @ g g fe
etc.
or it will be
2 1 1 1
4 1 1 1
Q::_E <1—22—|—32—42+52—etc.>
8 1 1 1 1
@Z"f-g <1 2*34—? 434—53—6’[0)
16 1 1 1 1
€:—4<1 24—|—34—44—|-54—etc.>
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Having substituted the found values it will be

dSS:—de (1—; —I—% —i —I—% —etc.>
+ 4xdx <1—212+312—412+512—etc.>
— 8x2dx(1—213+313—413+513—etc.>
+16x3dx<1—214—|—314—414+514—etc.>

etc.

If x = 0in which case InS =0 and S = 1, it will be dS = —2dxIn2.

EXAMPLE 2
To find the differential of this inexplicable function

S=1-2-3-4---x.

The terms of this series 1, 2, 3, 4 etc. grow to infinity in such a way that the
differences of the logarithms vanish; for, it is

ln(oo—i—l)—lnoo:ln(l—f—;) :lzo.

0]

Since it is X = x, it will be

X' =x+1, X'=x+2 X"=x+3 etc;

but, further because of In X = In x it will be

dx dx?

3
dInX =", ddInX=—"5 Poinx = 2

2. 3dx*
4 _
= S dtnx ==

x4

etc.;

hence, if the last logarithms would vanish, it would be
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S x+1 x+2 x+3 x+4

dx? 1 1 1 1
+ — + + + + etc.

ds ( 1 1 1 1 )
— = —dx + + + + etc.

2 \(x+1)2  (x+2)2  (x+3)2  (x+4)?
dx3 1 1 1 1 "
3 ((x+1)3 T ar2? TR T rrap +ec')
etc.

But because just the differences of the logarithms vanish, one additionally has
to add this expression

x+2 x+3 x+4 x+5
1 1 In—— +1 | 1 ..
dxIn(x + )+dx<nx+1+ N tinioe nx+4+etc>

But because it is

x+2 1 1 1

1 = - - tc.

M1 T x4l 2412 Bx41P  axgDE €

S SIS S SUNNR SUS SE

x+2 x+2 2(x+2)2 " 3(x+2)3 4(x+2)* '
etc,,

the complete differential will be

% — dxln(x+1) —;(dx—dx2)<(x+11)2 i (x+12)2 ' (xjg’)Z +etc>
+;(dx—dx3)<<xi1)3 + (xi2)3 - (xi3)3 +etc)
_ i(dx—dx4)<(xj1)4 * (x+12)4 * (xj3)4 +etC'>
_;(dx—dx5)<(x+11)s + (x+12)5 " (X+13)5 +etc>

etc.
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But if we want to express this differential by means of the other method, since

it is

dInX _1
dx  x’

dd.In X
2dx?

one will have the following series

InX =1Inx,

1

= "o

A.InX B L
6dx3  3x3’

A = Inl1+In2+In3+1In4+1Inb5 + etc.
1 1 1 1
Rty G RIS I SN S
~ 72 Tt gt o
6——1—1 1—|—l+l+l+l+t
— 73 BT BT T BT
1 1 1 1 1
etc.

Hence, because of In A = In1 = 0 it will be from § 384

But the two first series by which x is multiplied, even though both have an
infinite sum, nevertheless taken together have a finite sum. For, if n terms are

InS =x <lni+ln§+ln§+lni+etc.>
—X ( 1 + ! + ! + ! +etc.>

2 3 4

1, 1 1 1
+2x< 1 + ?"” ?—l— 42+etc.>

1 4 1 1 1
—3x< 1 + ?—I— §+ 43+etc.>

1, 1 1 1
—|-4x( 1 + ?—i— ?—F 44—|-etc.>

etc.

taken of both of them, it will arise
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4 n
But above (§ 142) we found that it is
i b constamn e = - 2 4 B
27371 nooon o 22 At CC

and this constant will arise as = 0.5772156649015325. If one puts n = oo, it
will be

1+1+1+1+ —|—l—Const+lnoo
2 3 4 o ' !

whence the value of those two series continued to infinity will be

= In(co + 1) — Const. — Inco = —Const.

From this it will be

InS = —x-0.5772156649015325

+

11 1 1
1+22+32+42+52—|—etc
3

<1+ —|—33+ +53—|—etc>
4(q 11 1 1

b +24+34+44+54+etc

etc,,

_|_
== OJ\H N\H

whence the differentials of any order are easily found. For, it will be

‘LS — _dx - 0.5772156649015325

+ xdx

1+ —|— s+ —|—52—|—etc>

437 58

(172
car(ie e ke Do o)
(12

1 1
+x3%dx(1+ = + T+ = —|—54—|—etc>
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But if these series are collected into one sum, it will be

ds xdx xdx xdx xdx
— = —dx-0.5772156649015325
* + 221y 3B T a@E Y

. tc.
5 11 +x) Hete

Hence, if x = 0, it will be

as = —dx - 0.5772156649015325.

S
From the first expression on the other hand it will be in this case

s _ 1d 1—|— 5+ + > +etc.
s 2 32
1
+ gdx (1—+ 4— 5+ o3 4—eu:>
1
4dx<1+ + it +etc>
1
+5dx<1+ —|— s+ 5 —l—etc)

§385 Hence one is also able to exhibit the differentials of inexplicable func-
tions of this kind in any special case, since here we found the complete
differentials. Therefore, if such functions go into expressions which seem to
be undetermined of which kind we treated some in the preceding chapter one
will be able to define the values by means of the same method, as it will be
understood from the added examples.

EXAMPLE 1

To determine the value of this expression

I+3+4+--+1 1

x(x—1) S (x—1)(2x—1)

in the case, in which one puts x = 1.

Let us put
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11 1
1+ -4+ -—4+...40-=28§:
+ot3tt =S

it will be from § 372

1 1 1
S=ux 1+27+?+47+etc.

21,1, 1.1
— X +?+§+E+etc

+x3<1+1+1+1+etc>
20 T3 g T
etc.,

or because it also is

+ + etc.

S=+ 1 +
—_— 1 —_— —_— —_— —_— —_—
1+x 2+4+x 3+x 4+x 5+x
if each term of the superior series is combined with the preceding of the
inferior, it will arise

- -

=N
— Qe
o e
i€ I

etc.,

x—1 x—1 x—1
I+x 32+x) 4B1a)
which expression, since one has to put x = 1, is more convenient. Therefore,
let x = 1+ w and it will be

+ etc.,

=1
S -1—2

w w w
221w 3Btw) 44+ w)

S=1+ + etc.

or

1 1 1 1

(1 1 1 1 Cw?
—w ?+¥+E+5§+etc + Cw

1 1 1 1
—w3<24—|—34—|—44—|—54—|—etc.> + D’

etc. etc.
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Therefore, the total expression having put x = 1 + w will go over into

1+ Bw — Cw? + Dw® —ete. 1
w(l+w) w(1+2w)

or

W + Bw + 2Bw? — €w? — etc. _ 1+B+2Bw — Cw — etc.
w(l+ w)(1+2w) N (14 w)(1+2w)

Now put w = 0 and the propounded value of the expression in the case x =1
will be

1,1 1
=1+B =1+ + 5+ 5 tetc;
2

since this series is = %7‘[2, it follows that the value in question is = %7‘[ .

EXAMPLE 2

To find the value of this expression

2x — xx TTTTX _(2x—1)(1+%+%+...+%)

12 T6(x—1) x(x—1)2
in the case in which one puts x = 1.

Put1+%+%+---+% = S and set x = 1 + w; it will be, as we found in the
preceding example,

S=1+4Bw — Cw? +Dw® —etc.

while

‘B—l—i—l—f—l—f—l—i—etc—lmr—l
22 32 42 R 6
_1 1 1 1
Q:—?—F?‘FE‘F?—FG’EC.

_1 1 1 1
@—?4—?4—@4—5*44—&0

etc.

Therefore, having put x = 1+ w the propounded expression will take this
form
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1 - ww N 1+8)(1+w) (1+2w)(1+Bw — Cw? +Dw? — etc.)

ww w (1+ w)w?

7

which reduced to the common denominator w?(1 + w) becomes

1+ w—w?— w420+ W+ Bw(l+2w + ww) — 1 — Bw + Cw? — Dw? — 2w — 2Bw? + 2¢w? — etc.
w?(1+ w)

7

which is reduced to this form

w? + Cw? + Bw? + 2€w? — Dw? + etc.
w?(1+ w)

Now let w = 0 and 1 + ¢ will arise. Therefore, the value of the propounded
expression in the case x = 1 will be = 1 + ¢ and hence will be expressed by
means of this series

1+l+l+l+l+eto

23 3% 43 58 7
since its sum can be exhibited neither by means of logarithms nor the peri-
phery of the circle 7, the value in question can still not be assigned by means
of another method in a finite way. From these two examples the use which
the differentiation of inexplicable functions can have in the doctrine of series

is seen sufficiently lucently.

§386 In the method to differentiate inexplicable functions treated here we
assumed that the infinitesimal terms of the series A, B, C, D, E etc. are either
= 0 or have finally vanishing differences; if both is not the case, this method
cannot be used. Therefore, I will explain another method not restricted to
this condition which yields the general summation of series derived from the
general term and explained in more detail above [chap. V]. Therefore, let the
letters 2, B, €, D, € etc. denote the Bernoulli numbers exhibited in § 122 and
let this inexplicable function be propounded

1 2 3 4 - x
S=A+B+C+D + - +X,
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and since we showed above (§ 130) that it will be

S—/de+1X+ ~AdX Bd3X n cd°X B
- 2 1-2dx 1-2-3-4dx3  1-2-3-4-5-6dx°
it will therefore be easy to exhibit the differential of the function S; for, it will
be

etc,,

Add X Bd*+X ¢d®X

— — etc.
1T2dx 1.2.3.4d03 '1.2.3-4.5.6d05 %

ds = Xdx + %dX-l—

§387 But if the propounded progression is connected to the geometric series,
in which case its infinitesimal terms are never reduced to constant differences
and therefore the first method cannot be used, then the method treated in §
174 provides us with the solution. For, if this function is propounded

S=Ap+Bp*>+Cp® +Dp*+ --- + Xp*,
find the values of the letters a, B, 7, 6 etc. that it is

-1
If—eu =1+ au + Bu® + yu® + su* + eu® + etc,,
having found which, as we exhibited them in § 173, it will be

_p ; adX ~ BddX yd®X  6d*X
S=L TP <X_ x T ae T ae i _etc‘>

£ Constant which renders the sum = 0, if one puts x = 0, or which satisfies

any other case. Therefore, having taken the differential this constant will go

out of the computation and it will be

3
s = —F prdxInp <X _ X + paax _yd X + etc.>

Tp-1 dx dx? dx3
P, eddX | BdX  yd'X
* p—1 P <dX dx + dx? dx3 +ete
or
B px—i-l B B - 616le - - ‘137}(
s = — <delnp (alnp—1)dX + (Blnp —«) I (yInp — B) e +etc. |,

which is the differential in question of the propounded function S.

34



§388 But if the propounded inexplicable function consists of factors and
their infinitesimal logarithms have constant differences or not, then by means
of this method the differential of the function can always be exhibited. For, let
be

1 2 3 4...x
S=A-B-C-D ---X.
Since it is
NnS=mA+IB+InC+InD+---+1InX.

using the superior method involving the Bernoulli numbers it will be

Ad.InX  Bd.InX
1-2dx  1-2-3-4dx3
having differentiated which expression it is

lnS:/dxlnX—i—;lnX—i— + etc.,

Add. In X Bd*. In X
1-2dx  1-2-3-4dx3
n ¢d®.In X _ Dd8.In X
1-2-3-4-5-6dx> 1-2-3-4-5-6-7-8dx7
Hence, if it was X = x that it is

c;S = dxlnX+%d.lnX+

+ etc.

§=1-2-3-4---x,
it will be after the application

s _ dxlnx+d—x _ Adx L Bdx  Cdx n Ddx

S 2x  2xx  4x* 6x6 88
which form, if x was a very large number, is more conveniently used than the
one we found before.

— etc.,
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